Abstract Biofilm properties change drastically from one point to another inside the matrix, and from one minute to the next, bringing about similar variations in biofilm mechanical properties, both in time and space. In this article, we present a theory that quantifies deformation-dependent changes in the mechanical properties of a composite porous material that undergoes compression. Such changes are a result of the pores either closing (when the biofilm is under compression) or opening (when under tension). The theory borrows well-established principles of continuum mechanics and is modified to represent a biofilm composed of four different phases, three different solid biomass materials (active biomass, extracellular polymers and inert biomass) and pores. We see that, when the evolution of the volume fractions of the different phases in a uniaxial compression test is taken into account, the material "hardens" or becomes stiffer as the deformation increases, due to void closure. Once complete void closure is achieved, the material reaches its maximum stiffness. Different homogenisation schemes are presented and comparisons are performed with stress-strain calculations for all of them.
Introduction
Biofilm detachment is one of the key processes that determine how much biofilm accumulates and what its physical and microbiological characteristics are. It occurs when material is lost from the biofilm as a result of external forces, such as fluid shear or particle abrasion, and it is directly related to the mechanical properties of biofilm, such as biofilm stiffness and tensile strength. Owing to the highly heterogeneous nature of biofilm, it is difficult to define a single set of mechanical properties that would apply to all biofilms and could be used to predict detachment. Biofilms are heterogeneous porous matrices of clusters made of cells and polymers, randomly distributed along a threedimensional architecture and surrounded by water channels. These matrices include macro-pores distributed among different cell -polymer aggregates while a series of micro-pores exists inside these aggregates.
When it comes to determining the mechanical properties of a porous material, such as biofilm, porosity plays a key role. When tensile or compressive forces act on a porous material, they will bring about changes to the mechanical properties of the material that are deformation-dependent. For example, as a porous material with a given set of mechanical properties undergoes compression, its porosity decreases as the pores collapse or "close"; this, in turn, results in a new porosity and a new set of mechanical properties, while this process evolves with deformation, until the material's final deformation is reached. The opposite effect, namely the increase of porosity, occurs when it undergoes tension. If we extend this analysis to a biofilm, there is the added complication that, as time evolves, biofilm structure and porosity (and therefore mechanical properties) also change as a result of substrate diffusion and reaction. Thus, changes in biofilm mechanical properties with time are a result of two processes: (1) changes in the volume fractions of all biomass species in the biofilm -active biomass, polymers and inert biomass -due to substrate diffusion and reaction; and (2) the action of external forces on the biofilm that change its porosity and, in turn, its mechanical properties. The combination of these processes must be the reason for the reported changes in total biofilm porosity throughout the biofilm column with porosities close to the substratum being approximately 50% lower than those at the top of the biofilm (Zhang and Bishop, 1995) .
In this article, we develop a theory that quantifies the deformation-dependent changes in the mechanical properties of a composite porous material that undergoes compression. The theory borrows well-established principles of continuum mechanics and is modified to represent a biofilm composed of four different phases, three different solid biomass materials (active biomass, extracellular polymeric substances [EPS] and inert biomass) and pores. We expand on a previously presented homogenisation technique (Laspidou et al., 2005) that calculates homogeneous elastic moduli for the composite, using the corresponding moduli of the individual phases that compose the biofilm, by showing different estimation schemes and performing a sensitivity analysis on them.
Materials and methods
We develop the theory by studying a single representative volume element made of a composite material that consists of four distinct phases: (1) active biomass, (2) EPS, (3) residual dead biomass and (4) void space. Let c 1 , c 2 , c 3 and c 4 be the corresponding volume fractions of the constituent phases P 4 i¼1 c i : We assume that each of the four material phases is an isotropic linear elastic material with Young's modulus E i and Poisson's ratio n i ; Young's modulus of the "void material" vanishes, i.e. E 4 ¼ 0. The corresponding shear G i and bulk K i elastic moduli are determined from the relations
We may determine the "effective" elastic moduli of the volume element by using homogenisation techniques, i.e. to determine E and n of an equivalent volume element made of a single "homogenised" isotropic linear elastic material. Naturally, these moduli are functions of the volume fractions of the constituent phases, or E ¼ f(c i ) and n ¼ f(c i ). A discussion on how this is done is included in the section entitled "Homogenisation techniques". For given volume fractions c i , the stress-strain equation in uniaxial tension or compression can be written as
where s is the uniaxial (tensile or compressive) true stress, e is the corresponding logarithmic strain, and a superposed dot denotes differentiation with respect to time. If the volume fractions c i remain constant as the material deforms, the above equation can be integrated to yield
The total volume of the material is the sum of the volumes of the individual phases. As the material deforms, the voids can either open or close, depending on the deformation field, thus changing the volume fractions c i . For example, complete void closure means that c 4 ¼ 0, so that c 1 þ c 2 þ c 3 ¼ 1. Since E and n are functions of c i , any change in c i causes a corresponding change in the effective elastic moduli. Let V denote the total volume of an infinitesimal representative volume element and V i the volumes of the individual phases in the infinitesimal element. Then,
It is a well-known result of continuum mechanics that
where e V is the volumetric logarithmic strain, i.e. the sum of the normal components of the logarithmic strain tensor (Figure 1) . In other words, it is the sum of all "deformations" in each axis. In the presence of voids, any volume change of the infinitesimal volume element is mainly due to void opening or closure, i.e.
According to the definition of the volume fractions, we have that
Differentiating Equation (7) with respect to time and taking into account Equations (5), (6) and (7), we conclude that
Integration of the last two equations yields
and
where c 0 i is the initial value of c i . Equations (10) and (11) describe the evolution of the volume fractions due to void opening or closure as the material deforms. In other words, they provide a mathematical expression of how the volume fractions of the different materials in a biofilm (c 1 , c 2 , c 3 for biomass species and c 4 for voids) change as a result of an imposed deformation 1 V . There are several homogenisation techniques available in the literature and they all produce estimates of E and n. A detailed discussion of homogenisation techniques can be found in the review article of Willis (1980) . A general class of them can be described by Equation (12) which defines the effective shear G and bulk K elastic moduli of the homogenised material. The behaviour of the composite material under tension or compression will vary according to the spatial distribution of the different phases in the volume element. For example, it will depend on which
phase composes the matrix and how the other phases are embedded in it. To define fully the problem, and since we only provide volume fractions of the different phases to describe the composite material and not a specific structure of their spatial distribution as well, we have to define upper and lower bounds for the estimates of the composite elastic moduli. The specification ofG andK in Equation (12) identifies the particular homogenisation technique and produces upper and lower bounds for G and K, as well as different estimates of E and n. Therefore, upper bounds are produced wheneverG . G i andK . K i with the lowest upper bound corresponding to the choiceG ¼ max ðG i Þ ¼ G inerts and K ¼ max ðK i Þ ¼ K inerts : Similarly, the greatest lower bounds for G and K correspond to the choiceG ¼ min ðG i Þ ¼ G active andK ¼ min ðK i Þ ¼ K active : Choices in the range min ðG i Þ ,G , max ðG i Þ and min ðK i Þ ,K , max ðK i Þ; which occur for G EPS and K EPS , lead to estimates for G and K that lie between the aforementioned bounds. Another approach is the so-called "self-consistent" model proposed by Hill (1965) ; it is obtained if we setG ¼ G andK ¼ K in Equation (12) and solving the resulting nonlinear equations for the effective moduli G and K. Once G and K have been found by using any homogenisation scheme, the corresponding effective Young's modulus E and Poisson's ratio n are determined from:
Results and discussion
We now consider the problem of uniaxial compression of the representative volume element, by using the self-consistent homogenisation scheme. The composition of the material is chosen to be the following: 50% active biomass, 25% EPS, 7% inert biomass and 18% voids, or c 1 ¼ 0.50, c 2 ¼ 0.25, c 3 ¼ 0.07 and c 4 ¼ 0.18. The incremental linear relationship between the true compressive stress s and the compressive logarithmic strain 1 can be written as
where the elastic modulus depends on the instantaneous values of the volume fractions c i through Equations (12) and (13) by using a homogenisation scheme. In uniaxial tension or compression of an isotropic linear elastic material, the volumetric strain rate _ 1 V is related to _ 1 by the equation
The evolution of the volume fractions c i is determined from Equations (10) and (11).
Equations (14) and (15) are integrated incrementally by using a forward Euler scheme and the values of the volume fractions are determined at the end of each increment from Equations (10) and (11). A pseudo-code of the algorithm followed is presented below. 1. The solution (1j t , sj t , c i j t ) is known at time t. 2. Calculate Gj t and Kj t (12) and Ej t and nj t (13) using given values E i , n i and c i j t . 3. Impose a given D1 and calculate Ds from Ds ¼ Ej t D1 (14).
Find new c i s: c i j tþDt ¼ c i j t e 2D1 V ði ¼ 1; 2; 3Þ (10) and
Repeat steps 1 to 6, using the newly calculated c i j tþDt to obtain new moduli, until desired final deformation 1j tþDt ¼ 1j t þ D1 is reached. If the evolution of the volume fractions is ignored, i.e. if we ignore the fact that as a porous material is deformed, the deformation of its pores alters the volume fractions of all phases in the composite, then the above analysis is irrelevant and the resulting stressstrain relation is linear and strictly a function of the initial volume fractions c 0 i :
Figure 2 shows two calculated s -1 curves, one when the evolution of the volume fractions is accounted for, and one when it is ignored, as with Equation (16). The slope of a s-1 curve is, by definition, the Young's modulus of the material. In the case of "evolving c i s", the slope is variable, while when the volume fractions do not evolve, it remains constant at E c 0 i À Á ¼ 12:7 Pa: The variation of E for the case of evolving c i s is plotted in Figure 2 at the secondary y-axis. We see that, when the evolution of c i s is taken into account, the material "hardens", or becomes stiffer as the deformation increases, due Figure 2 s -1 curves and Young's modulus E for self-consistent homogenisation scheme C.S. Laspidou and N. Aravas to void closure. Once complete void closure is achieved, the material has reached its maximum hardness and the slope does not change any more (E max ¼ 22.3 Pa). Figure 3 shows the evolution of the volume fractions. Line c 4 represents the evolution of voids and appears to reach zero (complete void closure) at 1 ¼ 0.33, which is the same point corresponding to E max in Figure 2 . After that point, all c i s remain constant. The dashed In addition to the self-consistent homogenisation scheme, we carry out calculations using different homogenisation schemes for the determination of the effective elastic moduli that enter Equation (12). In particular, we show upper and lower bounds for the s-1 curves in Figure 4 , and their corresponding slopes, or the corresponding upper and lower bounds for the Young's moduli in Figure 5 . Upper and lower bounds for the Poisson's ratio of the composite material are shown in Figure 6 . In Figure 6 , it is interesting to note how, owing to the non-linearity of Equation (12), even if all phases have the same Poisson ratio of 0.45, the homogenised n is less than 0.45 at all times. Depending on the homogenisation scheme, n varies between 0.36 and 0.44, while E varies between 12 and 36 Pa. Overall, we see that the homogenisation scheme plays an important role in the obtained estimates of the moduli of the homogenised material.
Conclusions
We present a theory that quantifies the changes in the mechanical properties of a porous composite material composed of three solid phases and voids, such as a biofilm, which undergoes tension or compression. Various homogenisation schemes are presented and corresponding elastic moduli are calculated for each case. In all cases, the biofilm behaves as a stiffer material as deformation increases, until all voids collapse. Once this happens, a maximum modulus is reached and remains constant after that. All volume fractions of the component materials change as a result of void closure and they remain constant when porosity reaches 0. The choice of the homogenisation scheme plays an important role in the estimate of the mechanical properties of the composite biofilm.
